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1. Introduction

In the stochastic theory of population genetics, the Wright-Fisher
model of genetic drift is historically the most influential model for
studying random fluctuations in the genetic variation of a population.
The model is canonically formulated as follows: A population of diploid
organisms has constant size N so that there will be 2N genes at a
chromosomal locus, and assume that genes in a locus of our interest
come in one of two allelic forms, A or a. Apart from finite population
size, there are no other evolutionary factors, such as selection, muta-
tion, or migration.” Given these assumptions and others to be discussed
below, the model describes random fluctuations in the number of A
alleles, which ranges from 0 to 2N. Let p; denote the probability that the
number of A alleles changes from i to j. The canonical formulation of
the Wright-Fisher model then says:

s

where the first term on the right-hand side is the binomial coefficient
and the entire right-hand side defines a binomial distribution. Here p;; is
called the transition probability of a Markov chain, a type of stochastic
process where the probability distribution of future states of a system
depends on its present state but not on any of its past states (Ewens,
2004, pp. 20-21; Hartl & Clark, 2007, p. 102). Equation (1) thus spe-
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cifies the probability that the system moves from state i to a possible
future state j.*

The canonical formulation of the Wright-Fisher model raises im-
portant questions for understanding the history of theoretical popula-
tion genetics. The model is attributed to the work done in the 1920s by
R. A. Fisher (1922a, 1930) and Sewall Wright (1931), but a systematic
theory of Markov chains or that of stochastic processes was not avail-
able at that time. The general theory of stochastic processes began with
A. N. Kolmogorov’s 1931 paper (Kolmogorov, 1931; Dynkin, 1989), and
the theory of Markov chains became an active area of mathematical
research only in the 1930s (see Section 3).* Moreover, it was Gustave
Malécot (1944) who introduced Equation (1) to population genetics
(Seneta, 1974; Edwards, 1978; Nagylaki, 1989; Epperson, 1999).
Nevertheless, Fisher and Wright did use a model of drift based on a
binomial distribution, and their mathematical conclusions essentially
agree with those derived later from the Markov-chain model (see, e.g.,
Ewens, 2004, pp. 20-31). What, then, was the model that Fisher and
Wright actually used? How did their model differ from Malécot's? How
did the Markov-chain formulation of the Wright-Fisher model become
established among population geneticists? And what conceptual
changes, if any, did the Markov-chain formulation bring about?®

To answer these questions, we begin by reconstructing Fisher's
original model, which we call the binomial model. In the 1920s, Fisher
developed his theory of evolution (Fisher, 1922a, 1930) along with his
theory of mathematical statistics (Fisher, 1922b, 1925a, b). This par-
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allel is often overlooked in the historical and philosophical studies of
Fisher's evolutionary theory.® But we show in Section 2 that it is im-
portant for understanding how Fisher based the binomial model on his
theory of mathematical statistics and how the statistical concepts of
random sampling, sampling error, and sampling distributions became
relevant to modeling in theoretical population genetics.

In Section 3, we describe how Malécot reformulated the binomial
model as a Markov chain and discuss one of the two consequences of his
reformulation. The theory of stochastic processes, which includes the
theory of Markov chains, was conceived as a probabilistic analogue of a
deterministic physical theory like Newtonian mechanics (e.g.,
Kolmogorov, 1931). Thus, one consequence of Malécot's reformulation
was the theoretical treatment of an evolving population as a dynamical
system governed by probabilistic laws, such as the one given by
Equation (1).

Another consequence of Malécot's reformulation, to which we turn
in Section 4, was the emergence of what we call the Markovian path of
theoretical population genetics. In the 1950s, Malécot's work on the
Markov-chain model was introduced to the English-speaking mathe-
maticians and population geneticists by William Feller (1950, p. 315;
1951, pp. 231-232).” A small group of mathematicians and population
geneticists then began to pursue the project of providing mathemati-
cally rigorous foundations for the theoretical study of drift initiated by
Fisher. In the 1960s, English-language textbooks on theoretical popu-
lation genetics began to appear (Moran, 1962; Ewens, 1969), and they
discussed the Markov-chain model. In addition, several journals were
founded between 1960 and 1970 that would publish mathematical
papers on stochastic population genetics.® By the end of the 1960s, the
Markov-chain formulation of Fisher's model became canonical, and the
model so formulated was attributed to Fisher and Wright.

Our historical account shows that the origins of the stochastic
theory of population genetics include Fisher's binomial model, which
set the stage for Malécot's reformulation of the model as a Markov
chain, and the emergence of the Markovian path, which adopted the
theory of stochastic processes as a mathematical foundation of theo-
retical population genetics. In Section 5, we briefly discuss how this
history illuminates philosophical research on drift.

2. Fisher's binomial model

In 1921, Hagedoorn and Hagedoorn (1921) suggested that random
extinction of genes from a population is a more important influence
than natural selection on the evolution of species. To evaluate this
claim, Fisher (1922a) developed the binomial model, considering the
frequency f, of A alleles in the diploid population as described in the
introduction. To study how f, changes over time, Fisher made certain
assumptions about how the next generation of N individuals will be
formed:

[T]f a second generation of N individuals be now formed at random,
the standard departure of f, from its previous value will be

or, = Jfuf,/2N. (Fisher, 1922a, p. 327)°

Fisher's statement reflected the assumptions of the binomial model: (i)
the population size is finite and remains constant throughout its

6 These studies tend to focus on the relationship between Fisher's evolutionary
thought and thermodynamics (Hodge, 1992; Depew & Weber, 1995, Ch. 10) or
statistical mechanics (Morrison, 2000, pp. 214-224; Morrison, 2002; Plutynski,
2006; Winther, Giordano, Edge, & Nielsen, 2015). For exceptions to this trend,
see Dietrich and Skipper (2013) and Winther et al. (2015, pp. 19-20).

7 Feller (1949) also applied the theory of stochastic processes to evolution.

8 Here are the journals with the year of founding in parentheses: Journal of
Theoretical Biology (1961), Journal of Applied Probability (1964), Advances in
Applied Probability (1969), and Theoretical Population Biology (1970).

9 Fisher used different symbols: the lowercase n for population size, p and q
for frequencies of A and a.
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evolution; (ii) the second generation completely replaces the first; (iii)
the second generation can be treated as a random sample drawn from
the first; and (iv) the probability distribution of f, is binomial. (i) and
(ii) are indicated by the fact that Fisher considered the second gen-
eration of individuals whose number is equal to the population size. (iii)
and (iv) are implicit in Fisher's claim that the second generation is
“formed at random” and in his formula for the standard departure of fy,
which is related to the binomial distribution.

2.1. The binomial model and Fisher's statistical theory

Fisher's binomial model closely followed the concepts he developed
in his contemporaneous work on mathematical statistics, such as po-
pulation, sample, parameter, and statistic (Fisher, 1922b, 1925a, b).
Table 1 provides an overview of our argument below.

In statistics, Fisher was concerned with estimation theory and in-
troduced the concept of a parameter as a (typically unknown) quantity
describing a population, the concept that forms a foundation of modern
parametric statistical inference (Fisher, 1922b; Stigler, 1976; Hald,
2007). To estimate parameter values from observations, according to
Fisher, we need to obtain a statistic from our observations. This pro-
cedure makes some assumptions about the population and treats ob-
servations as a random sample. As Fisher wrote:

Any body of numerical observations, or qualitative data thrown into
a numerical form as frequencies, may be interpreted as a random
sample of some infinite hypothetical population of possible values.
Problems of estimation arise when we know, or are willing to as-
sume, the form of the frequency distribution of the population, as a
mathematical function involving one or more unknown parameters,
and wish to estimate the values of these parameters by means of the
observational record available. A statistic may be defined as a
function of the observations designed as an estimate of any such
parameter. (Fisher, 1925b, p. 701; see also Fisher, 1925a, p. 3)

Suppose we toss a coin ten times to obtain a sample of coin tosses. In
our sample, the observed frequency of heads may serve as a statistic
estimating the (true but unknown) probability of heads. The value of
this statistic depends on a particular random sample, so a statistic is a
number that changes randomly in sampling experiments. The prob-
ability distribution of a statistic is called a sampling distribution, and
the parameters of this distribution describe what Fisher referred to in
the above passage as an “infinite hypothetical population of possible
values [i.e., values of a statistic].” In the case of coin tosses, one such
parameter is the probability of heads (and another is the number of
tosses), and the sampling distribution of a statistic is binomial. Fisher
discussed the binomial distribution along with other distributions in
Statistical methods for research workers (Fisher, 1925a, pp. 65-66).

In the passage quoted above, Fisher referred to a hypothetical in-
finite population because he interpreted probabilities as frequencies. He
said:

The idea of an infinite hypothetical population is, I believe, implicit
in all statements involving mathematical probability. If, in a
Mendelian experiment, we say that the probability is one half that a
mouse born of a certain mating shall be white, we must conceive of
our mouse as one of an infinite population of mice which might have
been produced by that mating. . . . Briefly, the hypothetical popu-
lation is the conceptual resultant of the conditions which we are
studying. The probability, like other statistical parameters, is a nu-
merical characteristic of that population. (Fisher, 1925b, p. 700; see
also Fisher, 1922b, p. 312)

If we are tossing a fair coin, the probability of obtaining heads is 0.5. In
Fisher's statistical theory, this probability is a parameter describing the
hypothetical infinite population of coin tosses.

Fisher's statistical concepts have counterparts in his binomial model.
Recall that the model assumes that each generation of organisms is a
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Table 1
Statistical concepts in Fisher's binomial model.

Statistical concepts Statistical concepts in the binomial model

Population Hypothetical infinite population of gametes; or
theoretical population of allele frequencies

Sample Organisms at each generation ¢; or fs(t)

Population parameters N and p, (= fa(t), given neutrality)

Sample statistic fa

Sampling distribution
Standard error

Binomial; characterized by population parameters

T faqrn) = \fA ()f, (/2N (for two alleles at a locus)

random sample drawn from the previous generation. In other words,
just as Fisher's mouse in the above passage is a sample drawn from a
hypothetical infinite population of potential mice (“mice which might
have been produced by that mating”), organisms in one generation are
a sample drawn from a hypothetical infinite population of potential
organisms—or gametes.'® Thus, the dynamics of Fisher's binomial
model can be understood as follows (Fig. 1): In each generation, or-
ganisms produce a hypothetical infinite population of gametes. This
population will have the same allele frequencies as the generation that
produced it (assuming neutrality). From this population, a random
sample of 2N gametes is drawn to produce N diploid organisms of the
next generation. As a result of this sampling experiment, the allele
frequency of the next generation may differ from that of the previous
generation.

2.2. Evolution and the distribution of allele frequencies

Not only did Fisher use his statistical concepts to construct the bi-
nomial model, but he also used his theory of statistics as a mathematical
foundation for using the binomial model to study evolution. In parti-
cular, his innovation was to treat the frequency f4 of A alleles in each
generation as a statistic so that the sampling distribution of f4 can be
interpreted as containing the information about how f, may change
over time.'" In the binomial model, the sampling distribution of f, is
binomial because each of the 2N sampling experiments has only two
outcomes (either A or a is selected), and the parameters of this dis-
tribution at generation t are the probability p,(t) of drawing an A allele
and the sample size 2N. These parameters characterize a hypothetical
infinite population of possible allele frequencies. Now, given the as-
sumptions of the binomial model, p4(t) is equal to f4(t), but because of
the sampling experiments between generations, f4(t + 1) may differ
from fa(t). To analyze this possibility, Fisher said that the standard
departure of f4 from its previous value is oy, = |/f,f,/2N, by analogy
with the standard error of a statistic.'? In other words, falt + 1) might
differ from f(t) as if due to sampling error.

Studying evolution through the change in the sampling distribution
of f4, Fisher focused on the stable form that this distribution should
approach after a population evolved according to the binomial model
for many generations. He found that the distribution would become flat
(uniform), excluding the extremes corresponding to the extinction and
fixation of an allele (Fisher, 1922a, pp. 326-330; Fisher, 1930, pp.
86-88). Once becoming flat, the distribution would become shorter and
shorter in height as the random extinction of A gets more and more
likely (i.e., the columns at the extremes become taller and taller).'®

The rate at which the flattening of the distribution occurs is called

10 Bisher (1925b, pp. 700-701) considered a hypothetical infinite population
to be a certain limit of finite populations. For discussion of Fisher's idea, see
Savage (1976, pp. 461-462), and for a philosophical study of probabilities and
infinite populations in evolutionary theory, see Abrams (2006).

11 For Fisher's own reflection on this move, see Fisher (1953, p. 515).

12 For discussion of this concept in formulating the criteria of estimation, see
Fisher (1922b, pp. 316-317; 1925b).

13 That is, the distribution looks U-shaped (see Wright, 1931, p. 114).
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Fig. 1. Fisher's binomial model.

the rate of decay of variability, because extinction of alleles means that
a population loses its potential to change. This rate is relevant to assess
Hagedoorn and Hagedoorn’s (1921) claim about the relative im-
portance of random extinction. Fisher (1922a, p. 330) argued that the
rate of decay of variability is 1/4N and that it is too slow to be an
important evolutionary influence. However, in correspondence, Wright
pointed out an error in Fisher's argument, and they eventually agreed
that the correct rate is 1/2N (Fisher, 1930, p. 87; Wright, 1931, pp.
119-121; Provine, 1986, pp. 243-260; Rosales, 2017).'* As is well-
known, even after this correction, Fisher and Wright disagreed about
the importance of random drift in evolution.

3. Malécot's reformulation of the binomial model

Fisher's construction and analysis of the binomial model were based
on his theory of mathematical statistics. In the 1940s, however, the
binomial model began to be formulated and studied with a new
mathematical theory: the theory of Markov chains. We will show how
this development had profound impacts on theoretical population ge-
netics in terms of its directions of inquiry and a basic conception of
evolution. To do that, we need to present the theory of Markov chains
in some detail.

3.1. Markov chains

Let X(t) be a variable that takes a certain value at time t. Consider
the sequence of X(t) for three time steps:

X1, X(2), X@Q).

Suppose this sequence has the following property. The probability that
X(3) takes a certain value depends on the value of X(2), the similar
dependency holds between X(2) and X(1), and given the value of X(2),
X(3) is probabilistically independent of X(1). In other words, the
probability that X(t + 1) takes a certain value depends only on the
value of X(t). This property is called the Markov property, and A. A.
Markov called the sequence of numbers with this property “numbers
connected into a chain” (Markov, 1971 [1908], p. 552; see also
Sheynin, 1989, pp. 364-370; Seneta, 1996).

In the theory of Markov chains, X(t) is understood to be a random
variable: a function defined on a sample space. The collection of all X
(t)'s—that is, a collection of random variables indexed by parameter
ts—is called a stochastic process (Khintchine, 1934, p. 604; Doob,
1934, p. 376), and the set of all possible values that each X(t) can take is
called the state space of a stochastic process. A stochastic process with
the Markov property is a Markov process, and a Markov chain is a
Markov process with a discrete state space.'®

14 Wright (1931, pp. 110-111) also generalized Fisher's binomial model by
introducing the concept of effective population size, and he also obtained the
distributions of allele frequencies for the binomial model under a variety of
conditions beyond complete neutrality, such as those including the influences of
selection, mutation, and migration (Wright, 1931, pp. 134-137; see also
Provine, 1986, pp. 239-242). In the 1930s and early 1940s, it was Wright, not
Fisher, who did the most extensive study of the distribution of allele frequencies
for the binomial model (see, e.g., Wright, 1937a, b; 1986 [1939]; 1945).

15 A diffusion process is another type of Markov process, and it can have a
continuous state space. For details, including other types of stochastic process,
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Suppose we have a Markov chain with state space S. The transition
probability of a Markov chain—the idea briefly explained at the be-
ginning of this paper—can then be defined as follows:

p=PriX@t+D=jX@® =i, ij€ES 2
where Pr(-) is a probability function. The exact form of Equation (2) of
course depends on various assumptions about a Markov chain in
question. Equation (1), introduced earlier, is just one example. Tran-
sition probabilities are probabilistic laws in the sense that they govern
the behavior of a chain at every time step.

The theory of Markov chains studies various properties and beha-
viors of chains (Karlin & Taylor, 1975; Durrett, 2016). For example,
Markov, (1971 [1908]) himself was interested in whether limit theo-
rems of probability theory hold for chains.'® Another important ques-
tion concerns the asymptotic behavior of a chain: Given a certain initial
condition, what, if any, can we say about the behavior of the chain after
many time steps? In other words, what is the probability distribution of
X(t) as t — oo? We will shortly see that this question has a direct re-
levance to population genetics.

3.2. Malécot's reformulation of the binomial model

Until the 1930s, Markov's original work on chains was not widely
known, and the topic of chains was somewhat neglected (Link, 2006;
Mazliak, 2007, p. 162). Independently of Markov, Henri Poincaré, in
1912, analyzed chains that arise in the card shuffling problem he called
“le battage des cartes” (Poincaré, 1912, p. 315). The problem was to
study the probability that the order of cards in a deck changes from one
to another after shuffling. In the 1920s, French and French-speaking
mathematicians, such as Jacques Hadamard, Bohuslav Hostinsky, and
Maurice Fréchet, studied Poincaré’s shuffling problem and developed,
in effect, the French version of the theory of chains (Bru, 2003; see also
von Plato, 1994, p. 133; Link, 2006, p. 572).)” By 1930, the French had
learned about Markov's original work and the Russian work on sto-
chastic processes, and in the 1930s in Paris, the Institut Henri Poincaré
became an international center of research on the theory of Markov
chains (Mazliak, 2007).

It was in Paris where Gustave Malécot studied probability theory,
stochastic processes, Markov chains, and population genetics. From
1932 to 1935, he studied at the Ecole Normale Supérieure, attending
lectures by the leading French mathematicians Emile Borel, Elie Cartan,
Maurice Fréchet, and Georges Darmois (Gillois, 2002). Subsequently,
under Darmois, Malécot held a research fellowship at the Institut Henri
Poincaré (Nagylaki, 1989, p. 254). Both Fréchet and Darmois taught
Markov chains in the 1930s (Mazliak, 2007, p. 157, 166) and advised
several outstanding doctoral students in probability theory, including
Malécot (see Leloup, 2010).'® Fréchet's systematic work on the theory
of Markov chains during this time culminated in his 1938 treatise
(Fréchet, 1938). It is important to note that advanced work on Markov
chains was done in French in the 1930s because Malécot did not read
German or Russian.'® For Malécot's thesis, Darmois encouraged Malécot

(footnote continued)
see Karlin and Taylor (1975) and Durrett (2016).

16 Gee Seneta (1996) for an interesting history behind Markov's interest in
limit theorems and chains.

17 As can be seen in Hadamard’s (1929) paper, the interest in the long-term
properties of the card shuffling problem stemmed from its potential application
to statistical mechanics. Hostinsky was at a Czech university in Brno but wrote
in French, including an early monograph on Markov chains (Hostinsky, 1931).
See Mazliak (2007) for details.

18 The members of Malécot's thesis committee were Borel, Darmois, and
Georges Valiron (see Malécot, 1939).

191In his interview, Malécot said that at the Institut Henri Poincaré, some of
his classmates in the doctoral studies were influenced by the untranslated works
of Kolmogorov and Khintchine on abstract topics in probability theory. But such
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to study the work of Fisher and Wright in population genetics, and
during his thesis research, Malécot discussed population genetics with
Georges Teissier and Philippe L’Héritier (Malécot, 1939, p. 2).%° In
1939, Malécot submitted his thesis entitled Théorie mathématique de
I'hérédité mendélienne généralisée to the Faculty of Sciences at the Uni-
versity of Paris (Malécot, 1939). Using probability theory, Malécot's
thesis turned Fisher’s (1918) theory of Mendelian heredity into a
mathematically rigorous theory. Malécot thus became perhaps the first
mathematician trained in probability theory, including the theories of
stochastic processes and Markov chains, who specialized in theoretical
population genetics.

In 1944, Malécot published a paper entitled, “Sur un probléme de
probabilités en chalne que pose la génétique (On a problem of prob-
abilities in chain posed by genetics)” (Malécot, 1944; for a commentary,
see Seneta, 1974). In this brief paper, Malécot reformulated the bino-
mial model as a Markov chain. Here is the key passage with the modern
notion we adopted for Equation (1):

Let us consider then the problem posed by Fisher [1930, p. 85f] and
S. Wright [1931]: To study the probability pij(,‘) that in a finite and
constant population of N individuals, a Mendelian gene A, appearing
at a given moment in i loci on 2N... appears t generations later in j
loci on 2N... Let us suppose first that the gene A does not confer,
compared to its allelomorph a, any advantage or disadvantage on its
carrier (no selection) and that it cannot transform into the other
genes or appear from them (no mutation). Let us suppose finally that
there is panmixia, that is to say that the genes A and a, which occupy
the 2N loci in each generation, can be regarded as drawn at random
from an infinitely large number of gametes A and a produced by the
previous generation in the same proportions where A and a appear
in its loci [i.e., the loci in the previous generation]. We then have:

P = (Z;V)(ﬁ)]b - ﬁ)wﬂ [.]

and the p” are the probabilities in a simple and constant chain.”
(Malécot, 1944, p. 380; our translation)

The passage clearly states the assumptions of the binomial model dis-
cussed in Section 2, and Malécot's equation is identical to the canonical
formulation of the Wright-Fisher model, Equation (1). To use the ter-
minology introduced in Section 3.1, X(t) in Malécot's model represents
the number of A alleles at a given generation, and the collection of all X
(t)'s is a Markov chain whose probabilistic laws are given by Malécot's
equation.

3.3. Stochastic processes and population genetics

Malécot's reformulation of the binomial model as a Markov chain
opened a new direction of theoretical inquiries. For example, in the
theory of Markov chains, it is common to arrange transition prob-
abilities into a transition probability matrix P, which, for Malécot's
model, looks like this:

P  Po1 " Poan
p= p.1o p.11 : pI:ZN
Pono Pang 0 Panpan

(footnote continued)
topics did not interest Malécot, so Darmois suggested a more applied topic in
population genetics. Malécot also said that he was “wrong not to read
[Kolmogorov’s 1933 book], because the mathematical presentation is im-
peccable” (Bocquet-Appel, 1996, p. 106; our translation). An English transla-
tion of this book is Kolmogorov (1956).

20 For the state of population genetics in France during the 1930s, see Gayon
and Veuille (2001).
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P contains essential information about the dynamics of Malécot's
model, and importantly, it also allowed theoreticians to rigorously
study the complete dynamics of Fisher's original model. If we know the
initial state of the system, we can know the probability that the system
will be in state j after t time steps by raising the matrix to the tth power,
P'. Note that P itself does not change with time.? So after the in-
troduction of the Markov-chain formulation, the theoretical study of
drift has concentrated on the properties of this matrix.

One result of this new inquiry concerned the rate of decay of
variability. In the theory of Markov chains, a state from which the
system cannot leave once entered is called an absorbing state. In
Malécot's model, without mutation, fixation and loss of an allele are
absorbing states, and when the population enters these states, its
variability is lost. The rate at which the system will reach absorbing
states, then, is the rate of decay of variability. For Malécot's model,
Feller (1951) showed that the probability of fixation is X(0)/2N, that is,
the initial frequency of A alleles. He also argued that for large ¢ (i.e., the
number of generations passed), the rate of decay of variability depends
on what mathematicians call the eigenvalues, latent roots, or char-
acteristic values of P and that the rate is approximately 1/2N (for ex-
planations of the mathematical derivations, see Ewens, 1969, pp.
29-32; 2004, pp. 21-23). Feller's finding agrees with the conclusion
that Fisher and Wright reached by different methods. Malécot (1944)
also arrived at the same conclusion by yet another method.

Another result concerned the stable form of the distribution of allele
frequencies. Given Malécot's model, what needs to be found is the
probability distribution of X(t) as t — o=. Not only did Malécot (1944)
show that the asymptotic probability distribution is uniform, just as
Fisher (1922a, 1930) and Wright (1931) had argued, but he also
showed, more rigorously than Fisher and Wright, that any distribution
of X(t), with X(0) = 0, 2N, will converge to the uniform distribution.

Beyond these results, the Markov-chain model turned out to be
difficult to analyze. However, Malécot (1944, 1945, 1948) and Feller
(1951) argued that with appropriate assumptions, the dynamics of the
Markov-chain model can be approximated by a diffusion process with
continuous state space. With this approximation, the mathematical
analysis can be done with the powerful methods of differential and
integral equations. Now, to study the distribution of allele frequencies,
Fisher had used a partial differential equation, like the one used to
study heat diffusion (Fisher, 1922a, p. 327), and Wright had used in-
tegral equations (e.g., Wright, 1931, p. 113). What Malécot and Feller
pioneered was the use of a diffusion process as an approximation to a
discrete Markov chain.??

Thus, Malécot's reformulation introduced a new mathematical
theory to explore the dynamics of Fisher's binomial model. But, in our
view, Malécot's reformulation also had a more general significance: it
introduced a new conception of evolution that did not depend on the
Fisherian statistical concepts. To understand this conception, it is im-
portant to note that the theory of Markov chains and the general theory
of stochastic processes were both conceived as a mathematical theory
about a physical system whose state changes randomly (see, e.g.,
Kolmogorov, 1931, p. 415; Fréchet, 1938, p. 23; Chung, 1960, p. 4). As
Feller explained:

21 This property is called stationarity or time-homogeneity. The claim about
P" follows from what is now known as the Chapman-Kolmogorov equation,
which is fundamental to the general theory of stochastic processes that
Kolmogorov (1931) initiated (see Chung, 1960, pp. 1-9; Durrett, 2016, p. 11).

22 Before Malécot, mathematicians had studied diffusion processes in relation
to Markov chains (e.g., Fréchet, 1938; Khintchine, 1933; Kolmogorov, 1931,
1933). Historically, Kolmogorov (1935) was the first to use diffusion theory to
study a problem in population genetics. In 1944, Malécot was not aware of
Kolmogorov's paper; in fact, it was not widely known until Kolmogorov sent his
paper to Wright, who introduced it to the Anglophone audience (Wright, 1945).
Kolmogorov's paper is reprinted in Shiryayev (1992, pp. 179-181).
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Conceptually, a Markov process is the probabilistic analogue of the
processes of classical mechanics, where the future development is
completely determined by the present state and is independent of
the way in which the present state has developed ... In stochastic
processes the future is never uniquely determined, but we have at
least probability relations enabling us to make predictions. For the
Markov chains ... it is clear that probability relations relating to the
future depend on the present state, but not on the manner in which
the present state has emerged from the past. (Feller, 1950, p. 337;
see also von Plato, 1994, p. 209)

Referring to the way in which the future of a Markov process is prob-
abilistically determined, Kolmogorov wrote:

A physical process (a change of a certain physical system) is called
stochastically determined if, knowing a state Xy of the system at a
certain moment of time t, we also know the probability distribution
for all the states X of this system at the moments t > t.
(Kolmogorov, 1931, p. 415; the English translation is from
Shiryayev, 1992, p. 62)

Taking Kolmogorov's and Feller's views together, we can see that in
Malécot's model, the evolutionary change in the number of alleles in a
population is conceived as a stochastically determined process whose
time evolution is well defined, in analogy to the motion of point par-
ticles in classical mechanics. Let us call this conception of evolution the
stochastic dynamical conception.® This is different from the Fisherian
statistical conception, which analogizes evolution to a series of sam-
pling experiments.

4. The Markovian path of theoretical population genetics

After Malécot’s (1944) work, a field of theoretical research based on
the stochastic dynamical conception emerged, leading to what we call
the Markovian path of theoretical population genetics.**

In the early 1950s, Malécot's Markov-chain model was introduced to
the Anglophone audience by Feller, in his famous textbook on prob-
ability (Feller, 1950, p. 315) and in his influential paper that showed
the utility of diffusion theory in the analysis of the Markov-chain model
(Feller, 1951, pp. 231-232; Nagylaki, 1989, p. 258). The rest of the
1950s and the 1960s saw a rapid development of the Markovian path.
For example, Malécot's Markov-chain model was discussed in in-
troductory textbooks on probability theory and stochastic processes
(Feller, 1950, p. 315; Bartlett, 1955, pp. 120-123), and the theory of
stochastic processes, including Markov chains, was in turn discussed in
introductory textbooks on population genetics (Li, 1955, Ch. 22;
Kempthorne, 1957, Ch. 4). In a series of papers starting in the mid-
1950s, Kimura used diffusion theory to solve a number of theoretical
problems that originally arose from the Markov-chain model (Kimura,
1954, 1955a, b; reviewed in Kimura, 1964; see also Watterson, 1996).
In 1958, P. A. P. Moran introduced a new Markov-chain model that
described a haploid population with overlapping generations (Moran,
1958).

By the 1960s, then, the Markovian path of theoretical population
genetics was established as a field in its own right. Time was ripe for
Moran to introduce Markov chains in his textbook on theoretical po-
pulation genetics (Moran, 1962) and for his students, Geoffrey Wat-
terson and Warren Ewens, to write their dissertations on the application

23 Sarkar develops an interpretation of evolutionary theory that he calls “the
stochastic dynamical interpretation” (Sarkar, 2011, p. 464). What we called the
stochastic dynamical conception of evolution is similar to what Sarkar calls “the
minimal dynamical interpretation” (Sarkar, 2011, p. 464), according to which
evolving populations are dynamical systems. Sarkar traces this interpretation
back to Lewontin (1974) and Hirsch and Smale (1974) (see Sarkar, 2011, p.
449, p. 461).

24 The Markovian path, though, does not have the Markov property.
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of the theory of stochastic processes to population genetics (Ewens,
1963; Watterson, 1960). A new textbook on stochastic processes pre-
sented the Markov-chain formulation of the binomial model as one of
the basic examples of Markov chains (Karlin, 1966, pp. 37-39), al-
though it did not cite Malécot's work. Kimura’s (1964) influential re-
view of the diffusion theory in population genetics appeared in the
second issue of newly founded Journal of Applied Probability. Ewens's
textbook and the English translation of Malécot’s 1948 book both ap-
peared in 1969 (Ewens, 1969; Malécot, 1969). New Markov-chain
models in population genetics were also introduced in this decade (Chia
& Watterson, 1969; Karlin & McGregor, 1965).

In all these works, the binomial model was understood to be a
Markov chain, and in the English-language publications, both the
Markov chain and its diffusion approximation were typically attributed
to Fisher and Wright.>® Towards the end of the 1960s, the now standard
name for Malécot's Markov-chain model, “the Wright-Fisher model,”
began to appear. For example, in one paper, Karlin used both “the
Fisher-Wright random sampling model” and “a model based on the
classical Wright-Fisher random sampling formulation” (Karlin, 1968, p.
446, p. 454), and Karlin and McGregor used “the Wright-Fisher bino-
mial sampling model” (Karlin & McGregor, 1968, p. 144).

Population geneticists became increasingly accustomed to the idea
that the Wright-Fisher model was originally formulated by Wright and
Fisher—in this order—as a Markov chain.?® Thus, in his review of an
edited collection of reprints entitled Stochastic models in population ge-
netics (Li, 1977), A. W. F. Edwards pointed out that the collection re-
inforced the customary thought, and he then went on to correct it:
Fisher introduced the binomial model, and Wright used the same model
but introduced the effective population size and the integral equation
methods for studying the distribution of allele frequencies (Edwards,
1978, p. 240; see also footnote 14 above). Edwards also noted that
Malécot (1944) was the first to apply the theory of Markov chains to
Fisher's model and lamented the omission of Malécot's paper in the
collection (Edwards, 1978, p. 241).?” From our point of view, Edwards's
critical review reflects how canonical the Wright-Fisher model as a
Markov chain has become in theoretical population genetics.

5. Philosophical implications

As we have argued, the historical origins of the stochastic theory of
population genetics include Fisher's binomial model, Malécot's re-
formulation of the model as a Markov chain, and the emergence of the
Markovian path as a field of theoretical population genetics based on
the stochastic dynamical conception of evolution. Understanding these
origins and their historical and conceptual connections sheds new light
on philosophical research on drift by generating unexplored questions,
some of which we formulate below.>®

25 Before the Markov-chain model was attributed to both Fisher and Wright, it
was sometimes referred to as “the Wright model” or “Wright's model” (e.g.,
Chia & Watterson, 1969, p. 232; Ewens, 1969, p. 28; Karlin & McGregor, 1964,
p- 246). We do not know who first used the now standard name of the model or
why Wright's name came before Fisher's or why Malécot's name was never at-
tached to the model. But the “Wright-Fisher” nomenclature might reflect two
facts. First, Wright was undoubtedly the major theorist and expositor of the
binomial model before textbooks on population genetics appeared in the 1950s
and 1960s. Second, in the late 1940s, Fisher appeared to disown the binomial
model by dubbing genetic drift “the Sewall Wright effect” and strongly criti-
cizing Wright for considering drift to be significant in explaining the evolution
of natural populations (Fisher & Ford, 1947, 1950; see also Wright, 1948).

26 Although this idea is historically inaccurate, it is not conceptually in-
coherent since Malécot's Markov-chain model can be seen as a mathematically
more rigorous version of Fisher's binomial model.

27 Interestingly, however, Edwards also referred to Fisher's original model as
“the chain-binomial model” (Edwards, 1978, p. 240; emphasis added).

28 For reviews on the philosophical debates over drift, see Plutynski (2007),
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Philosophical research on drift tends to rely heavily on the concept
of random sampling. For example, some philosophers argue that drift is
a physical sampling process (e.g., Beatty, 1984; Hodge, 1987; Millstein,
2002), while others argue that drift is sampling error, that is, a statis-
tical effect (e.g., Walsh, Lewens, & Ariew, 2002). Philosophers also use
the concept of random sampling to explain the importance of (small)
population size for drift: small population size is analogous to small
sample size, which increases the amount of sampling error (e.g.,
Gildenhuys, 2009; Reisman & Forber, 2005; Walsh et al., 2002).

Of course, biologists today use random sampling and sampling error
to illustrate drift, so the use of the sampling concepts in philosophical
discussion is legitimate. Historically, these sampling concepts entered
theoretical population genetics through Fisher's binomial model whose
mathematical foundation was the theory of mathematical statistics. As
we have shown, with the emergence of the Markovian path, the theory
of stochastic processes became a foundation for theoretical population
genetics. Given this new foundation, would the sampling concepts re-
main essential for understanding drift?

The historical development of the Markovian path suggests that the
sampling concepts may not be so essential. It is true that Malécot (1944)
assumed random sampling of gametes in his presentation of the Markov-
chain model (see the relevant passage quoted in Section 3.2). But in the
1960s theoreticians started to generalize Malécot's model by relaxing its
assumptions, including the one about random sampling.>® A crux of this
development came shortly after the historical period we discussed above:
In 1974, Chris Cannings showed that the Wright-Fisher model, Moran's
model, and other drift models introduced in the 1960s are all instances of a
general Markov-chain model of drift, and crucially, this general model
does not include any assumption about random sampling (Cannings, 1974,
pp. 260-269).%° In light of the development of the Markovian path, then,
how are we to understand drift?

The Markovian path raises another philosophical question. As we
noted in Section 3.2, the Markovian path made explicit the theoretical
relationship between the Markov-chain model and a diffusion process
with continuous state space: the latter is an approximation to the
former. In practice, this approximation involves delicate rescaling of
time and the state space of the Markov-chain model (for details, see
Feller, 1951, pp. 239-240; Ewens, 2004, Chs. 4-5). Roughly, a diffusion
process is assumed to describe continuous change in allele frequency
(i.e., X(t)/2N) over a certain time interval, and to this continuous-time
continuous-state process, in some respects, the behavior of the Markov-
chain model is thought to converge in the limit as N — <. Thus, as the
Markovian path developed, theoreticians have realized that drift is
important even in large populations, but the received view among
philosophers is sill that drift becomes unimportant as population size
increases. While this view makes sense when one is thinking about drift
by analogy with sampling experiments like coin tosses, at least it de-
serves to be reconsidered in light of the Markovian path. How are we to
understand drift if it can be important in large populations?®'

Finally, the stochastic dynamical conception may allow us to re-
formulate a widely discussed question about the theoretical character of
drift. Following Elliot Sober's (1984) influential characterization of
evolutionary theory as a theory of forces, philosophers have debated
whether drift can be seen as a force analogous to a Newtonian force
(e.g., Matthen & Ariew, 2002; Stephens, 2004; Walsh et al., 2002). The

(footnote continued)

Otsuka (2016), and Millstein (2017). The philosophical questions about drift
are part of the broader literature on chance in evolutionary biology (see, e.g.,
Ramsey & Pence, 2016).

2% See the works cited in Section 4.

3% The historical significance of the Cannings model and the development of
the stochastic theory of population genetics in the 1970s and 1980s will be the
topic of a sequel to the present paper.

31 Millstein (2017) argues that her account of drift allows for its occurrence in
an infinite population.
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Fisherian statistical conception dominates this debate, but the sto-
chastic dynamical conception offers a more natural home to the force
metaphor. Following this conception, diffusion theory has been used to
study the stochastic dynamics of evolving populations under the in-
fluence of interacting evolutionary factors, and in this context, theo-
reticians think about vectors moving in opposite or the same directions
(see Kimura's work cited in Section 4). Is the force metaphor appro-
priate in this theoretical context? Why or why not?>?

6. Conclusion

The Wright-Fisher model, understood as a Markov chain, is the basic
model of the stochastic theory of population genetics. This model is a
product of the historical development of theoretical population genetics
from Fisher's 1922 paper to the widespread use of the theory of Markov
chains in the 1960s. Fisher's binomial model was founded on his theory
of mathematical statistics; his basic statistical concepts—population,
sample, parameter, statistic, sampling distribution—all appeared in the
binomial model. In using this model, Fisher saw stochastic changes in a
population of organisms as changes in the population of allele fre-
quencies, that is, the sampling distribution of allele frequencies.

In 1944, Fisher's binomial model was reformulated as a Markov chain
by Malécot, who had studied probability theory, stochastic processes, and
Markov chains when Paris was a major center of research in these areas.
Malécot conceived changes in a population of organisms as changes in the
state of a dynamical system governed by probabilistic laws. As Malécot's
foundational reformulation became better known in the 1950s and 1960s,
the Markovian path of theoretical population genetics emerged. This path
developed primarily in the community of mathematical population ge-
neticists, including Feller, Kimura, Moran, Karlin, Watterson, and Ewens.
When we see the Wright-Fisher model as a basic model of random genetic
drift, we are witnessing the result of the migration of people and ideas
from mathematics to theoretical population genetics.
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